If several interventions performed on a quantum system are localized in mutually spacelike regions, they will be recorded as a sequence of "quantum jumps" in one Lorentz frame, and as a different sequence of jumps in another Lorentz frame. Conditions are specified that must be obeyed by the various operators involved in the calculations so that these two different sequences lead to the same observable results. These conditions are similar to the equal-time commutation relations in quantum field theory. They are sufficient to prevent superluminal signaling. (The derivation of these results does not require most of the contents of the preceding article. What is needed is briefly summarized here, so that the present article is essentially self-contained.) fields, but these authors were not concerned about the properties of the new quantum states that resulted from these measurements and their work does not answer the question that was raised above. Other authors [7, 8] considered detectors in relative motion, and therefore at rest in different Lorentz frames. These works also do not give an explicit answer to the above question: a detector in uniform motion is just as good as one that has undergone an ordinary spatial rotation (accelerated detectors involve new physical phenomena [9] and are not considered in this article). The point is not how individual detectors happen to move, but how the effects due to these detectors are described in different ways in one Lorentz frame or another.
I. THE PROBLEM
Quantum measurements [1] are usually considered as quasi-instantaneous processes. In particular, they affect the wave function instantaneously throughout the entire configuration space. Measurements of finite duration [2] cannot alleviate this conundrum. Is this quasi-instantaneous change of the quantum state, caused by a local intervention, consistent with relativity theory? The answer is not obvious. The wave function itself is not a material object forbidden to travel faster than light, but we may still ask how the dynamical evolution of an extended quantum system that undergoes several measurements in distant spacetime regions is described in different Lorentz frames.
Difficulties were pointed out long ago by Bloch [3] , Aharonov and Albert [4] , and many others [5] . Still before them, in the very early years of quantum mechanics, Bohr and Rosenfeld [6] had given a complete relativistic theory of the measurement of quantum fields, but these authors were not concerned about the properties of the new quantum states that resulted from these measurements and their work does not answer the question that was raised above. Other authors [7, 8] considered detectors in relative motion, and therefore at rest in different Lorentz frames. These works also do not give an explicit answer to the above question: a detector in uniform motion is just as good as one that has undergone an ordinary spatial rotation (accelerated detectors involve new physical phenomena [9] and are not considered in this article). The point is not how individual detectors happen to move, but how the effects due to these detectors are described in different ways in one Lorentz frame or another.
In the preceding article [10] , the notion of measurement was extended to the more general one of intervention. An intervention consists of the acquisition and recording of information by a measuring apparatus, possibly followed by the emission of classical signals for controlling the execution of further interventions. More generally, a consequence of the intervention may be a change of the environment in which the quantum system evolves. These effects are the output of the intervention. These notions are refined in Sect. II of the present article so as to be applicable to relativistic situations.
A relativistic treatment is essential to analyze space-like separated interventions, such as in Bohm's version of the Einstein-Podolsky-Rosen "paradox" [11, 12] (hereafter EPRB) which is sketched in Fig. 1 , with two coordinate systems in relative motion. In that experiment, a pair of spin- 1 2 particles is prepared in a singlet state at time t 0 (referred to Another example, this one taken from real life, is the detection system in the experimental facility of a modern high energy accelerator [13] . Following a high energy collision, thousands of detection events occur in locations that may be mutually space-like. Yet, some of the detection events are mutually time-like, for example when the world line of a charged particle is recorded in an array of wire chambers. High energy physicists use a language which is different from the one in the present article. For them, an "event" is one high energy collision together with all the subsequent detections that are recorded.
This "event" is what I call here an experiment (while they call "experiment" the complete experimental setup that may be run for many months). Their "detector" is a huge machine weighing thousands of tons, while here the term detector means each elementary detecting element, such as a new bubble in a bubble chamber or a small segment of wire in a wire chamber. (A typical wire chamber records only which wire was excited.
However, it is in principle possible to approximately locate the place in that wire where the electric discharge occurred, if we wish to do so.) Apart from the above differences in terminology, the events that follow a high energy collision are an excellent example of the circumstances discussed in the present article.
Returning to the Einstein-Podolsky-Rosen conundrum, we must analyze whether it actually involves a genuine quantum nonlocality. Such a claim has led some authors to suggest the possibility of superluminal communication. This would have disastrous consequences for relativistic causality [14] . Bell's theorem [15] asserts that it is impossible to mimic quantum correlations by classical local "hidden" variables, so that any classical imitation of quantum mechanics is necessarily nonlocal. However Bell's theorem does not imply the existence of any nonlocality in quantum theory itself. It is shown in Sect. IV that quantum measurements do not allow any information to be transmitted faster than the characteristic velocity that appears in the Green's functions of the particles involved in the experiment. In a Lorentz invariant theory, this limit is the velocity of light, of course. The last section is devoted to a few concluding remarks.
II. RELATIVISTIC INTERVENTIONS
This section includes a brief summary of some parts of the preceding article [10] and contains all the material necessary to make the present one self-contained. Besides this summary, new notions are introduced to cope with the relativistic nature of the phenomena under discussion.
First, recall that each intervention is described by a set of classical parameters [16, 17] .
The latter include the location of that intervention in spacetime, referred to an arbitrary coordinate system. The coordinates are classical numbers, just as time in the Schrödinger equation is a classical parameter. We also have to specify the speed and orientation of the apparatus in that coordinate system and various other input parameters that define the experimental conditions under which the measuring apparatus operates. The input parameters are determined by classical information received from the past light-cone at the point of intervention, or they may be chosen arbitrarily (in a random way) by the observer and/or the apparatus.
I just mentioned the existence of a past light-cone. Actually, the only notion needed at the present stage is a partial ordering of the interventions: namely, there are no closed causal loops. This property defines the terms earlier and later. The input parameters of an intervention are deterministic (or possibly stochastic) functions of the parameters of earlier interventions, but not of the stochastic outcomes resulting from later interventions, as explained below.
In the conventional presentation of non-relativistic quantum mechanics, each intervention has a (finite) number of outcomes, which are also known as "results of measurements"
(for example, this or that detector clicks). In a relativistic treatment, the spatial separation of the detectors is essential and each detector corresponds to a different intervention.
The reason is that if several detectors are set up so that they act at a given time in one Lorentz frame, they would act at different times in another Lorentz frame. However, a knowledge of the time ordering of events is essential in our dynamical calculations, so that we want the parameters of an intervention to refer unambiguously to only one time (indeed to only one spacetime point). Therefore, an intervention can involve only one detector and it can have only two possible outcomes: either there was a "click" or there wasn't.
Note that the absence of a click, while a detector was present, is also a valid result of an intervention. The state of the quantum system does not remain unchanged: it has to change to respect unitarity. The mere presence of a detector that could have been excited implies that there has been an interaction between that detector and the quantum system.
Even if the detector has a finite probability of remaining in its initial state, the quantum system correlated to the latter acquires a different state [18] . The absence of a click, when there could have been one, is also an event and is part of the historical record.
The effect of an intervention on a quantum system initially prepared in the state ρ is given by Eq. (20) in the preceding article:
where µ is a label that indicates which detector was involved and whether or not it was activated. The initial ρ is assumed to be normalized to unit trace, and the trace of ρ give the same set of probabilities, and this demand is not trivial.
The experimental records are the only real thing we have to consider. Their observed relative frequencies are objective numbers and are Lorentz invariant. On the other hand, wave functions and operators are mathematical concepts useful for computing quantum probabilities, but they have no real existence [19] . All the difficulties that have been associated with a relativistic theory of quantum measurements are due to attributing a real nature to the symbols that represent quantum states.
Note also that while interventions are localized in spacetime, quantum systems are pervasive. In each experiment, irrespective of its history, there is only one quantum system. The latter typically consists of several particles or other subsystems, some of which may be created or annihilated by the various interventions. The next two sections of this article are concerned with sharp localized interventions on quantum systems that freely evolve throughout spacetime between these interventions, and in particular with the Lorentz covariance of the results.
III. TWO MUTUALLY SPACELIKE INTERVENTIONS
Consider again the EPRB gedankenexperiment which is depicted in Fig. 1 Only the classical parameters attached to each intervention transform covariantly. Yet, in spite of the non-covariance of ρ, the final results of the calculations (the probabilities of specified sets of events) are Lorentz invariant.
Note that each line in Fig. 1 represents one instant of the time coordinate, as in the ordinary non-relativistic formulation of quantum mechanics. There is no way of defining a relativistic proper time for a quantum system which is spread all over space. It is possible to define a proper time for each apparatus, which has classical coordinates and follows a continuous world-line. However, this is not necessary. We are only interested in a discrete set of interventions, and the latter are referred to a common coordinate system that covers the whole of spacetime. There is no role for the private proper times that might be attached to the apparatuses's world-lines.
If we attempt to generalize the parallel straight lines in Fig. 1 to a spacelike foliation in a curved spacetime, as we would have in general relativity, we encounter the difficulty that no such foliation may exist globally. However, there is no need for such a global foliation and in particular we do not assume the validity of a Schwinger-Tomonaga equation, iδΨ/δσ = H(σ)Ψ , as can be found in the work of Aharonov and Albert [4] . The only condition that we need is the absence of closed timelike curves. Namely, if two events can be connected by continuous timelike (or null) curves, without past-future zigzags, then all these curves have the same orientation.
Returning to special relativity, consider the evolution of the quantum state in the Lorentz frame where intervention A is the first one to occur and has outcome µ, and B is the second intervention, with outcome ν. Between these two events, nothing actually happens in the real world. It is only in our mathematical calculations that there is a deterministic evolution of the state of the quantum system. This evolution is not a physical process. For example, the quantum state of Schrödinger's legendary cat, doomed to be killed by an automatic device triggered by the decay of a radioactive atom, evolves into a superposition of "live" and "dead" states. This is a manifestly absurd situation for a real cat. The only meaning that such a quantum state can have is that of a mathematical tool for statistical predictions on the fates of numerous cats subjected to the same cruel experiment.
What distinguishes the intermediate evolution between interventions from the one occurring at an intervention is the unpredictability of the outcome of the latter: either there is a click or there is no click of the detector. This unpredictable macroscopic event starts a new chapter in the history of the quantum system which acquires a new state, according to Eq. (1). As long as there is no such branching, the quantum evolution will be called free, even though it may depend on external classical fields that are specified by the classical parameters of the preceding interventions.
Quantum mechanics asserts that during the free evolution of a closed quantum system, its state undergoes a unitary transformation generated by a Hamiltonian. The latter depends in a prescribed way on the preceding outcome(s) according to the protocol that has been specified for the experiment. The unitary operator for the evolution following intervention A with outcome µ, and ending at intervention B, will be denoted by U BAµ .
Note that the chronological order of the indices is from right to left (just as the order for consecutive applications of a product of linear operators), and that U BAµ does not depend on the future outcome at intervention B. Likewise, there is a unitary operator U A0 for the evolution that precedes event A, and an operator U f Bν for the final evolution that follows outcome ν of intervention B. The final quantum state at time t f is given by a generalization of Eq. (1):
where
The same events can also be described in the Lorentz frame where B occurs first. We have, with the primed variables,
Here, the unitary operator for free evolution between the two interventions has been denoted by V Einstein's principle of relativity asserts that there is no privileged inertial frame, and therefore both descriptions given above are equally valid. Formally, the states ρ f (at time t f ) and the state ρ Therefore, in order to investigate the issue of relativistic invariance, it is sufficient to consider two Lorentz frames where A and B are almost simultaneous: either A occurs just before B, or just after B. There is of course no real difference in the actual physical situations and the Lorentz "transformation" between these two arbitrarily close frames (primed and unprimed) is performed by the unit operator. In particular, U BAµ = 1 = V ′ ABν , since there is no finite time lapse for any evolution to occur between the two events.
The only difference resides in our method for calculating the final quantum state: first A then B, or first B then A. Consistency of the two results is obviously achieved if
or [A µm , B νn ] = 0.
This equal-time commutation relation, which was derived here as a sufficient condition for consistency of the calculations, is always satisfied if the operators A µm and B νn are direct products of operators pertaining to the two subsystems:
A µm = a µm ⊗ 1 and
where 1 now denotes the unit matrix of each subsystem. This relationship is obviously fulfilled if there are two distinct apparatuses whose dynamical variables commute, and moreover if the dynamical variables of the quantum subsystems commute. This is indeed a necessary condition for legitimately calling them subsystems.
The analogy with relativistic quantum field theory is manifest: field operators belonging to points at space-like distances commute (or anticommute in the case of fermionic fields). Quantum field theory mostly uses the Heisenberg picture or the interaction picture, while in the present work it is the Schrödinger picture that is employed. This makes no difference in Eq. (7) which applies to equal times. Could we have here too anticommutation relations? It is easily seen that it is possible to introduce a minus sign on the right hand side of Eq. (6), or even an arbitrary phase factor e iφ AB . However, this generalization will not be investigated in the present article whose subject is quantum mechanics, not quantum field theory.
One may wonder whether the result expressed in Eq. (8) is trivial. Direct products were postulated in the very early years of quantum mechanics by Weyl [20] as the only reasonable way for describing composite systems. Here, this representation was derived from an argument involving Lorentz invariance. However, such a proof may well be circular [21] : it assumes a relativistic partial ordering of events, i.e., the impossibility of superluminal signaling, while this impossibility is proved in quantum field theory by assuming the tensor product representation for composite systems. This issue was also investigated by Rosen [22] in the context of molecular biology. According to Rosen, while any microphysical system can be expressed as a composite of subsystems, there is no reason to suppose that such a factorization is unique, because rings of operators may in general be factored in many distinct ways. Only if it were found that the factorization is unique, this would imply that there is only one way in which the state of a system can be synthetized from the states of simpler subsystems.
Returning to Eq. (8), it is important to remember that an intervention can change the dimensions of the quantum system. Here is a simple example. The quantum system initially consists of a pair of spin- 1 2 particles, as in the EPRB experiment. The two observers are called Alice and Bob, as usual. Alice, who intervenes at A, uses an apparatus that contains a subsystem S prepared as an entangled state of a spin-
particle and a particle of spin 1. She receives a particle of spin 1 2 (that is, one of the two particles of the quantum system under observation) and she measures the Bell operator [23] of the composite system formed by that particle and the spin- particle in S. That measurement can have four different outcomes, and according to its result Alice performs one of four specified unitary rotations on the spin 1 particle of S. She then discards everything but that particle of spin 1, and she releases the latter for future experiments. In this way, Alice's intervention converts an incoming spin-
system into an outgoing spin 1 system.
Likewise, Bob's intervention, located space-like with respect to Alice's, outputs a spin 2 particle when Bob receives one with spin 1 2 . How shall we describe the sequence of events in the frame where Alice is the first one to act, and in the frame where Bob is first?
Alice's A µm matrices are direct products of a matrix of dimensions 3 × 2 and the twodimensional unit matrix, as in Eq. (8) . Thereafter, there is a free unitary evolution, where U BAµ has rank 6. Then Bob's B νn matrices are direct products of a 3-dimensional unit matrix and one of dimension 5 × 2. The final ρ is 15-dimensional (the final quantum system consists of a particle of spin 1 and a particle of spin 2). A similar description holds, mutatis mutandis, in the frame where Bob acts first (this frame is denoted by primes). The unitary matrix V ′ ABν for the free evolution from B to A is of order 10, while U BAµ was of order 6. Obviously these cannot be Lorentz transforms of each other. They would not be Lorentz transforms even if dimensions were the same. However, the final ρ f and ρ ′ f have to be Lorentz transforms of each other. Are A µm and A ′ µm related by a Lorentz transformation? We have seen that A µm is a direct product of a matrix of dimension 3 × 2 and the two-dimensional unit matrix.
On the other hand, A ′ µm is a direct product of a matrix of dimension 3 × 2 and the 5-dimensional unit matrix (the latter acts on the spin 2 particle that Bob has produced).
Then, the non-trivial parts of A µm and A ′ µm , both rectangular 3 × 2 matrices, are Lorentz transforms of each other. We may also, if we wish, call the complete A µm and A ′ µm matrices "Lorentz transforms" if we accept that unit matrices of any order be considered as Lorentz transforms of each other.
IV. SUPERLUMINAL COMMUNICATION?
Bell's theorem [15] has led some authors to suggest the feasibility of superluminal communication by means of quantum measurements performed on correlated systems far away from each other [24, 25] . It will now be shown that such a possibility is ruled out by the present relativistic formalism. We have already assumed that there exists a partial ordering of events. Superluminal communication would mean that the deliberate choice [26] of the test performed by an observer (or the random choice of the test performed by his apparatus) could influence in a deterministic way, at least statistically, the outputs of tests located at a space-like distance from that observer (or apparatus) and having a later time-coordinate. If this were true for any pair of space-like separated events, this would lead to the possibility of propagating information backwards in time between events with time-like separation. For example, we may have A in the past light cone of B, and both A and B space-like with respect to C. Then B could superluminally influence C in the frame where B occurs earlier than C, and in another frame C would likewise influence A, so that B could indirectly influence A. Therefore the assumption of Lorentz invariance, and the existence of random inputs, and the restriction of causal relationships between time-like related events to the future direction, preclude causal relationships at spatial distances.
All this was discussed ad nauseam at the classical level many years ago, when tachyons were popular [27, 28] . More recently, superluminal group velocities have actually been observed in barrier tunneling in condensed matter [29, 30] . However, special relativity does not forbid the group velocity to exceed c. It is the front velocity of a wave packet that is the relevant criterion for signal transmission, and the front velocity never exceeds c. What novelty does quantum theory bring to this issue? The common wisdom is that the measuring process creates a "reality" that did not exist objectively before the intervention [31] . Let us examine this claim more carefully. In the quantum world, consider two spin- A seemingly paradoxical way of presenting these results is to ask the following naive question: suppose that Alice finds that σ z = 1 while Bob does nothing. When does the state of Bob's particle, far away, become the one for which σ z = −1 with certainty?
Though this question is meaningless, it has a definite answer: Bob's particle state changes instantaneously. In which Lorentz frame is this instantaneous? In any frame! Whatever frame is chosen for defining simultaneity, the experimentally observable result is the same, owing to Eq. (7). This does not violate relativity because relativity is built in that equation, as will now be shown in a formal way.
Consider again Eqs. (2) and (3) which give the final (unnormalized) ρ f following two interventions in which Alice gets the result µ, and then Bob gets the result ν. The probability for that pair of results is Tr (ρ f ). If event B lies in the future light cone of A, there can be ordinary classical communication from A to B and there is no causality controversy. We are interested here in the case where B is spacelike with respect to A. The problem is to prove that the probability of Bob's outcome ν is independent of whether or not Alice intervenes before him (in any Lorentz frame). Note that the unitary matrices in Eq. (3) are the Green's functions for the propagation of the complete quantum system, and that its subsystems may interact in a nontrivial way even when they are macroscopically separated (for example, these may be charged particles).
Fortunately, we don't need to know these Green's functions explicitly. We simply note that the probabilities that we are seeking are invariant under unitary transformations of the various operators in Eq. (3). In particular, they are not affected by the initial U A0 and final U f Bν . There still is the intermediate unitary operator U BAµ for the propagation of the composite quantum system between times t A and t B . That quantum system is not a localized object. Its velocity is not a well defined concept and it is meaningless to argue that it is less than the velocity of light. However, it is possible to eliminate U BAµ by using the same stratagem as in Sect. III: we perform a Lorentz transformation of the spacetime coordinates, which is implemented by a unitary transformation of the quantum operators (so that all probabilities are invariant), in such a way that the time elapsing between interventions A and B is arbitrarily small, and therefore U BAµ → 1.
The probability that Bob gets a result ν, irrespective of Alice's result, thus is
We now employ Eq. (7) to exchange the positions of A µm and B νn , and likewise those of A † µm and B † νn , and then we move A µm from the first position to the last one in the product of operators in the traced parenthesis. We thereby obtain expressions
As explained in [10] , these are elements of a positive operator valued measure (POVM) that satisfy µ E µ = 1. Therefore Eq. (9) reduces to In summary, relativistic causality cannot be violated by quantum measurements. The fundamental physical assumption that was needed in the above proof was that Lorentz transformations of the spacetime coordinates are implemented in quantum theory by unitary transformations of the various operators. This is the same as saying that the Lorentz group is a valid symmetry of the physical system.
V. CONCLUDING REMARKS
In the present article it has been shown that a careful treatment, avoiding any speculations that have no experimental support, leads to the "peaceful coexistence" [32] of quantum mechanics and special relativity. The spacetime coordinates of the observers'
interventions are classical parameters subject to ordinary (classical) Lorentz transformations. The latter are implemented in quantum mechanics by unitary transformations of the operators. There are no essentially new features in the causality issue that arise because of quantum mechanics. Quantum correlations do not carry any information, even if they are stronger than Bell's inequality allows. The information has to be carried by material objects, quantized or not.
The issue of information transfer is essentially nonrelativistic. Replace "superluminal"
by "supersonic" and the argument is exactly the same. The maximal speed of communication is determined by the dynamical laws that govern the physical infrastructure.
In quantum field theory, the field excitations are called "particles" and their speed over macroscopic distances cannot exceed the speed of light. In condensed matter physics, linear excitations are called phonons and the maximal speed is that of sound.
The classical-quantum analogy (with bomb fragments carrying opposite angular momenta J 1 = −J 2 ) becomes complete if we use statistical mechanics for treating the classical case. The distribution of bomb fragments is given by a Liouville function in phase space.
When Alice measures J 1 , the Liouville function for J 2 is instantly altered, however far Bob is from Alice. No one would find this surprising, since it is universally agreed that a Liouville function is only a mathematical tool representing our statistical knowledge.
Likewise, the wave function ψ, or the corresponding Wigner function [33] which is the quantum analogue of a Liouville function, should be considered as mere mathematical tools for computing probabilities. It is only when they are regarded as physical objects that superluminal paradoxes arise.
The essential difference between the classical and quantum functions which change instantaneously as the result of measurements is that the classical Liouville function is attached to objective properties that are only imperfectly known. On the other hand, in the quantum case, the probabilities are attached to potential outcomes of mutually incompatible experiments, and these outcomes do not exist "out there" without the actual interventions. Unperformed experiments have no results [34] .
